Introduction.
When developing his theory of symmetric spaces, E. Cartan proved that a compact symmetric Riemannian space has sectional curvature everywhere 5;0 and that a noncompact irreducible symmetric Riemannian space has sectional curvature everywherê 0. H. Samelson has recently [S] proved an analogue of Cartan's theorem for the compact case, namely that a homogeneous space G/K where G is a connected compact Lie group, K a closed subgroup, has sectional curvature everywhere 2:0. Here the metric on G/K is the one that is obtained from a two-sided invariant metric on G by the natural projection. While Samelson's proof is simple and geometric it gives no information in the noncompact case.
In the present paper we give a proof of the theorem of Samelson by a method which furnishes some additional information and which can be used to prove Cartan's theorem for the noncompact case as well as for the compact case.
Preliminaries.
Let G be a connected Lie group with Lie algebra g. Let g->Ad(g) denote the adjoint representation of G on g and let X-»ad(X) denote the adjoint representation of g on g so ad(X)(Y) = [X, Y]. Suppose if is a closed subgroup of G such that AddK) (the image of K under g-*Ad(g)) is compact. If the Lie algebra of K is t there exists a subspace mCg such that g=m + ! (direct sum of vector spaces) and such that AdG(&)rriCm for all kEK. The manifold G/K of left cosets gK can be given the structure of a Riemannian manifold whose metric is invariant under G, that is for each xEG the mapping t(x) : gK-^xgK of G/K onto G/K is an isometry. The natural projection it of G onto G/K maps m isomorphically onto the tangent space to G/K at ir(e) (e is the identity element of G) in such a way that the action of Ad g(K) on m corresponds to the action of t(K) on the tangent space. Thus a Riemannian metric on G/K invariant under all t(x), xEG is uniquely determined by a positive definite quadratic form on m, invariant under Ada(K 3. The exponential mapping of a symmetric space. Let G/K he a symmetric Riemannian space. The subspace m of g can be identified with the tangent space to the complete Riemannian manifold G/K at 7r(e). Let Exp denote the mapping of m into G/K which maps straight lines through 0 in m onto geodesies through ir(e) in G/K, preserving lengths of segments of each such line.
An important theorem in the theory of symmetric spaces states that each geodesic through ir(e) is an orbit of a one-parameter group of "transvections" (see [l; 4] ) which can be expressed (2) Exp X = * o exp X for X E m.
For each XEvx, let Tx denote the restriction of (ad X)2 to m. From the relations (1) we see that Tx maps m into itself. We consider m as a manifold whose tangent space at each point is identified with m itself under the usual identification of parallel vectors. This theorem is useful because it describes the Exp-mapping by means of an isometry and a linear transformation of tn which is given in terms of the Lie algebra.
We first prove a lemma which describes the analogous situation on G. This lemma is essentially equivalent to Cartan's formula which expresses the Maurer-Cartan forms in canonical cordinates and is proved in [3, p. 157] . We give a different proof here.
For each hEG, let L(h) denote the left translation g-^hg on G.
Lemma 2. Let G be a connected Lie group with Lie algebra g. Identifying g with its tangent space at each point we have 
Due to the analyticity of / the growth of its derivatives is so restricted that the series in the last expression above can be differentiated with respect to /, term by term. Only the first power of t gives a contribution so we obtain Here the last two terms vanish, the two first are equal and the theorem follows from Lemma 3.
Theorem 3. Let G/K be an irreducible symmetric Riemannian space, (i) If G/K is compact the sectional curvature is everywhere 3:0.
(ii) 2/ G/K is noncompact the sectional curvature is everywhere ^0.
Proof. We can assume that G acts effectively on G/K; it is well known [4, p. 56 ] that either g is semi-simple or [m, m]=0. In the latter case Theorem 3 is obvious so we assume g is semi-simple. Let B denote the Killing form on g. By the irreducibility hence if YEt, the linear transformation ad F has a skew symmetric matrix with respect to d> and Remark. The conclusion of (i) in Theorem 3 holds whether or not G/K is irreducible. This can be seen by decomposing m into irreducible subspaces invariant under AdG(K) and orthogonal with respect to Q. On each of those subspaces B is a nonpositive multiple of Q and we can proceed as before. 5 . Compact homogeneous spaces. The theorem of H. Samelson mentioned in the introduction can be stated as follows.
Theorem 4. Let G be a compact connected Lie group, K a closed subgroup. Let Q be a positive definite quadratic form on the Lie algebra g invariant under Ad(G) and let m be the orthogonal complement to the subalgebra t. The restriction of Q to tn defines a Riemannian metric on G/K invariant under G, and with respect to this metric the sectional curvature is everywhere StO.
Proof. In the two-sided invariant metric on G given by Q the geodesies are the cosets of one-parameter subgroups. This is a special case of (2) applied to the symmetric space G = (GXG)/D where D is the diagonal of GXG, the symmetry automorphism of GXG being (x, y)->(y, x) and each (g, gx)EGXG giving the isometry x-tgxgr1 of G. The geodesies in G/K through ir(e) are again projections of certain one-parameter subgroups in G, that is 
